Abstract. In this paper we propose a diffeomorphic non-rigid registration algorithm based on free-form deformations (FFDs) which are modelled by B-splines. In contrast to existing non-rigid registration methods based on FFDs the proposed diffeomorphic non-rigid registration algorithm based on free-form deformations (FFDs) which are modelled by B-splines. To construct a diffeomorphic transformation we compose a sequence of free-form deformations while ensuring that individual FFDs are one-to-one transformations. We have evaluated the algorithm on 20 normal brain MR images which have been manually segmented into 67 anatomical structures. Using the agreement between manual segmentation and segmentation propagation as a measure of registration quality we have compared the algorithm to an existing FFD registration algorithm and a modified FFD registration algorithm which penalises non-diffeomorphic transformations. The results show that the proposed algorithm generates diffeomorphic transformations while providing similar levels of performance as the existing FFD registration algorithm in terms of registration accuracy.
Introduction
The area of computational anatomy is a rapidly developing discipline [1] . With the increasing resolution of anatomical scans of the human brain a number of computational approaches for characterising differences in the shape and neuro-anatomical configuration of different brains have emerged. Most morphometric techniques exploit the fact that mapping data sets into a standard space not only accounts for anatomic and functional variations and idiosyncrasies of each individual subject, but also offers a powerful framework which facilitates comparison of anatomy and function over time, between subjects, between groups of subjects and across sites. Non-rigid registration is a key element in many morphometric applications since it enables the warping of images into a standard reference space. Most non-rigid registration techniques use either elastic [2, 3] , fluid [4, 5, 6, 7] or other deformation models [8, 9, 10, 11, 12] .
In general, most registration algorithms make the assumption that similar structures are present in both images. Therefore it is desirable that the deformation field be smooth and invertible (so that every point in one image has a corresponding point in the other). Such smooth, invertible transformations are called diffeomorphisms. This is particularly important in cases where the output of the registration, i.e. the deformation field, is analyzed further, for example in deformation-based morphometry [13, 14] ) or for the construction of statistical shape models [15] . However, in other applications diffeomorphisms are less important. For example, in registration-based segmentation the quality of the segmentation propagation is more important than the properties of the underlying deformation fields. Recent comparisons of non-rigid registration algorithms for segmentation propagation have shown that non-rigid registration techniques which do not guarantee diffeomorphisms can outperform those which guarantee diffeomorphic deformations [16] .
There are a number of different ways of constructing diffeomorphic deformations. For example, in many fluid registration algorithms [4, 5] the deformation process is stopped when the Jacobian of the transformation falls below a pre-defined threshold. The images are then regridded and the deformation process is allowed to continue. Other strategies include the composition of local warps which are diffeomorphic [15] .
In this paper we propose a diffeomorphic non-rigid registration technique which uses a free-form deformation (FFD) model based on B-splines. To construct a diffeomorphic deformation we compose the deformation as a sequence of FFDs. By imposing hard constraints on the maximum deformation within each FFD we ensure that each individual FFD is a diffeomorphism. The composition of these FFDs is therefore also a diffeomorphism. We compare the proposed diffeomorphic registration algorithm to an existing free-form registration algorithm [8] . We also compare this to a soft-constraint approach in which topology preservation is enforced by introducing a penalty term which penalizes transformations for which the determinant of the Jacobian falls below a pre-defined threshold.
Methods
In practice, the anatomical variability between subjects cannot be sufficiently explained by an affine transformation which only accounts for differences due to position, orientation and size of the anatomy. To capture the anatomical variability, it is necessary to employ non-rigid transformations. A popular approach is to use spline-based transformations [8, 17] . Using this approach, the deformation can be represented as a free-form deformation (FFD) based on B-splines which is a powerful tool for modelling 3D deformations and can be written as the 3D tensor product of the familiar 1D cubic B-splines,
where c denotes the control points which parameterise the transformation. The optimal transformation is found by minimising a cost function associated with the global transformation parameters as well as the local transformation parameters. The cost function comprises two competing goals: The first term represents the cost associated with the voxel-based similarity measure, in this case normalised mutual information [18] , while the second term corresponds to a regularization term which constrains the transformation to be smooth [8] . The performance of this registration method is limited by the resolution of the control point mesh, which is linearly related to the computational complexity: more global and intrinsically smooth deformations can only be modelled using a coarse control point spacing, whereas more localized and intrinsically less smooth deformations require a finer spacing. To address this problem it is possible to use multilevel free-form deformations [19, 8] . In this approach the free-form deformations at different control point spacings are added, i.e.:
When using multi-level FFDs, the intrinsic regularization of B-splines is often sufficient to achieve smooth deformations.
Diffeomorphic Non-rigid Registration Using Soft Constraints
Recent studies have shown that this type of algorithm performs well in neuroimaging studies [16] . However, while this type of algorithm usually generates smooth deformations it does not guarantee that the resulting deformation field is diffeomorphic. One strategy to ensure that the FFD calculated by the non-rigid registration algorithm is diffeomorphic is to add a second term to the cost function that penalises any nondiffeomorphic transformations using the following penalty function P:
Here |J(x, y, z)| represents the determinant of the Jacobian of the FFD. A similar penalty function has been first proposed by Edwards et al. [20] and effectively penalises any transformations for which the determinant of the Jacobian falls below a threshold γ. By penalising Jacobians that approach zero, we prevent the transformation from collapsing and keep it diffeomorphic. Note that simply using a smoothness penalty function would not be sufficient to guarantee a diffeomorphic transformation, since it is possible for a transformation to be smooth but non-diffeomorphic. The cost function C which the registration algorithm minimizes is a combination of the image similarity I (normalised mutual information as before) and the penalty function P:
The weighting parameter λ defines the trade-off between the image similarity and the penalty function. For the experiments in this paper γ was set to 0.3 and λ to 0.01. This means that the penalty term is only activated if the determinant of the Jacobian drops below 0.3.
Diffeomorphic Non-rigid Registration Using Hard Constraints
In the following we will use a strategy for ensuring diffeomorphic FFDs which is based on the work of Choi and Lee [21] . In their work the authors have derived sufficient conditions for injectivity which are represented in terms of control point displacements. These sufficient conditions can be easily tested and can be used to guarantee a diffeomorphic FFD. Without loss of generality we will assume that the control points are arranged on a lattice with unit spacing. Let
Theorem 1. A FFD based on cubic B-splines is locally injective over all the domain if
K . Choi and Lee [21] have determined a value of K ≈ 2.48 so that the maximum displacement of control points given by the bound 1 K is approximately 0.40. This means that the maximum displacement of control points is given by the spacing of control points in the lattice. For example, for a lattice with 20mm control point spacing the maximum control point displacement is 8mm while for a lattice with 2.5mm control point spacing the maximum control point displacement is 1mm.
In practice the bounds on the displacements are too small to model any realistic deformations. To model large deformations we use a composition of FFDs as proposed in [22] . For each FFD in this composition, the maximum control point displacement is limited by theorem 1. This a fundamentally different to the multi-level FFDs mentioned earlier. In our approach the FFDs are concatenated, i.e.
T(x, y, z)
so that the final deformation is a composition of FFDs. Since the composition of two diffeomorphisms produces a diffeomorphism we can construct a diffeomorphic deformation by ensuring that each individual FFD is diffeomorphic. Again, normalised mutual information is used as a similarity measure.
Results

MRI Data and Manual Segmentations
To evaluate the proposed registration algorithm we have tested the algorithms on 20 brain MR images from normal subjects. The data consisted of T1-weighted 3D volumes, acquired using an inversion recovery prepared fast spoiled gradient recall sequence (GE), TE/TR 4.2 msec (fat and water in phase)/15.5 msec, time of inversion (TI) 450 msec, flip angle 20, to obtain 124 slices of 1.5 mm thickness with a field of view of 18 x 24 cm with a 192 x 256 matrix, 1 NEX. Scanning took place at the National Society for Epilepsy MRI Unit (Chalfont St Peter, Buckinghamshire, UK). Scan data were resliced to create isotropic voxels of 0.9375 x 0.9375 x 0.9375 mm, using windowed sinc interpolation. Each data set was accompanied by a set of labels in the form of an annotated image volume, where every voxel was coded as one of 67 anatomical structures (or background, code 0). These labels had been prepared using a protocol for manually outlining anatomical structures on two-dimensional sections from the image volume. The protocol used was an augmented version of a published prototype [23] .
Evaluation of Non-rigid Registration Via Segmentation Comparison
We have evaluated three registration techniques: the standard non-rigid registration as described in [8] (method A), a non-rigid registration based on the composition of FFDs described in section 2.2 (method B) and a non-rigid registration which penalizes nondiffeomorphic transformations described in section 2.1 (method C). For methods A and C we used a coarse to fine approach with a control point spacing of 20mm, 10mm, 5mm and 2.5mm. For method A we also used a coarse to fine approach with similar control point spacings. At each level of control point spacing up to 10 FFDs are concatenated so that the final transformation is a composition of up to 40 FFDs. We then chose randomly one of the 20 MR brain images as a reference image and all other 19 images were registered to the reference image. A visual example of the registrations is shown in Figure 1 . In this example both method A and B lead to visually better alignment than method C. A close-up of the corresponding deformation fields can be seen in Figure 2 . The folding in the deformation field produced by method A is clearly visible while the deformation fields produced by the other two methods have no folding. However, it is also apparent that method B is better capable of modelling large deformations than method C.
The manual expert segmentations allow us to make an assessment of the relative performance of the registration algorithms in aligning specific structures or tissue classes. As a measure of agreement between the manual expert segmentation and those obtained via registration, we used the similarity index (SI). For each anatomical structure m, it is defined as the ratio between the volume of the intersection (overlap) and the mean volume of the segmentations in the same coordinate space:
This measure ranges from 0 (for label sets that have no overlapping regions) to 1 (for label sets that are identical). Since the manual segmentation contains 67 anatomical structures, we have grouped the results into temporal, parietal, occipital and frontal cortex, grey matter nuclei, ventricular system, brain stem, cerrebellum and corpus callosum. The SIs reported for these groups of structures are the average SI values for the antomical structures within the groups. The results for all three algorithms are illustrated in Figure 3 . For comparison we also include the SI values after affine registration only. Method A produces similar results to method B, and both are better than those obtained with Method C.
Evaluation of the Deformation Fields Produced by Non-rigid Registration
For all registration algorithms we have additionally computed the percentage of voxels within the brain for which the determinant of the Jacobian is negative. In the case of the standard non-rigid registration (method A) this percentage was 1.47% on average across all registrations. In contrast to this both other methods produced no voxels for which the determinant of the Jacobian was negative. For the non-rigid registration which penalizes non-diffeomorphic transformations (method C) the trade-off between image similarity and penalty function was set to λ = 0.01. In this case all voxels have a positive Jacobian determinant. To investigate the choice of λ further we have repeated our experiments with values of λ between 10 −2 and 10 −8 . However, in these cases the percentage of voxels with negative Jacobian determinant is non-zero (increasing to 0.62%). This indicates that λ of 0.01 is close to the optimal value ensuring no folding of the transformation.
Discussion and Conclusions
In this paper we have proposed two registration methods for generating diffeomorphic FFDs. The first method is based on a penalty term which prevents the determinant of the Jacobian falling below a pre-defined threshold. The second method is based on a composition of FFDs. Each FFD within the composition is guaranteed to be diffeomorphic by limiting the maximum amount of control point displacement within an individual FFD. Our results have shown that the latter technique is able to achieve high registration accuracy (compared to exisiting FFD registration techniques) while generating diffeomorphic transformations. Our results have also shown that the first method generates diffeomorphic transformations, however at the expense of registration accuracy. (a) (b) (c) Fig. 2 . This figure shows an example slice of the volumetric deformation produced by intersubject registration: (a) after non-rigid registration using method A, (b) after non-rigid registration using method B and (c) after non-rigid registration using method C. The folding is clearly visible in (a). There is no folding in (b) and (c), however (b) is better capable of modelling large deformations. 
